The universal adjacency matrix U of a graph Γ, with adjacency matrix A, is a linear combination of A, the diagonal matrix D of vertex degrees, the identity matrix I, and the all-1 matrix J with real coefficients, that is,
Introduction
For a graph Γ on n vertices, with adjacency matrix A and degree sequence d 1 , . . . , d n , the universal adjacency matrix is defined as U = c 1 A + c 2 D + c 3 I + c 4 J, with c i ∈ R and c 1 = 0, where D = diag(d 1 , . . . , d n ), I is the identity matrix, and J is the all-1 matrix. See, for instance, Haemers and Omidi [10] or Farrugia and Sciriha [5] . Thus, for given values of the The first author has received funding from the European Union's Horizon 2020 research and innovation programme under the Marie Sk lodowska-Curie grant agreement No 734922. coefficients (c 1 , c 2 , c 3 , c 4 ), the universal adjacency matrix particularizes to important matrices used in algebraic graph theory, such as the adjacency matrix (1, 0, 0, 0), the Laplacian (−1, 1, 0, 0), the signless Laplacian (1, 1, 0, 0), and the Seidel matrix (−2, 0, −1, 1).
Because of the interest in the study of combinatorial properties, some methods were proposed to determine the spectra of graphs with some symmetries. This includes graphs with transitive groups (Lovász [12] ), Cayley graphs (Babay [1] ), and some lifts of voltage graphs, or covers, (Godsil and Henseland [6] ). More recently, by using representation theory (see, for instance, Burrow [2] , and James and Liebeck [11] ), Dalfó, Fiol, andŠiráň [4] considered a more general construction and derived a method for determining the spectrum of a regular lift of a 'base' (di)graph equipped with an ordinary voltage assignment, or, equivalently, the spectrum of a regular cover of a (di)graph. Recall, however, that by far not all coverings are regular; a description of arbitrary graph coverings by the so-called permutation voltage assignments was given by Gross and Tucker [8] . In [3] , the authors generalized their previous results to arbitrary lifts of graphs (regular or not). They not only gave the complete spectra of lifts, but also provided bases of the corresponding eigenspaces, both in a very explicit way. In this note, we show that (basically) the same method of [3] can be applied to find the spectra of lifts and their eigenspaces of a universal adjacency matrix.
This note is organized as follows. In the next section, we recall the basic notions of permutation voltage assignments on a graph, together with their associated lifts, along with an equivalent description of these in terms of relative voltage assignments. Section 3 deals with the main result, where the complete spectrum of the universal adjacency matrix of a relative lift graph is determined, together with bases of the associated eigenspaces. Finally, our method is illustrated by an example in Section 4.
General lifts of a graph
Let Γ be an undirected graph (possibly with loops and multiple edges), and let n be a positive integer. As usual in algebraic and topological graph theory, we think of every undirected edge joining vertices u and v (not excluding the case when u = v) as consisting of a pair of oppositely directed arcs; if one of them is denoted a, then the opposite one is denoted a − . Let V = V (Γ) and X = X(Γ) be the sets of vertices and arcs of Γ, respectively.
The following concepts were introduced by Gross in [7] . Let G be a group. An (ordinary) voltage assignment on the graph Γ is a mapping α : X → G with the property that α(a − ) = (α(a)) −1 for every arc a ∈ X. Thus, a voltage assigns an element g ∈ G to each arc of the graph in such a way that a pair of mutually reverse arcs a and a − , forming an undirected edge, receive mutually inverse elements g and g −1 . The graph Γ and the permutation voltage assignment α determine a new graph Γ α , called the lift of Γ, which is defined as follows. The vertex and arc sets of the lift are simply the Cartesian products V α = V × G and X α = X × G, respectively. Moreover, for every arc a ∈ X from a vertex u to a vertex v for u, v ∈ V (possibly, u = v) in Γ, and for every g ∈ G, there is an arc (a, g) ∈ X α from the vertex (u, g) ∈ V α to the vertex (v, gα(a)) ∈ V α . Notice that if a and a − are a pair of mutually reverse arcs forming an undirected edge of G, then for every g ∈ G the pair (a, g) and (a − , gα(a)) form an undirected edge of the lift Γ α , making the lift an undirected graph. The mapping π : Γ α → Γ defined by erasing the second coordinate, that is, π(u, g) = u and π(a, g) = a, for every u ∈ V , a ∈ X and g ∈ G, is a (regular) covering, with its usual meaning in algebraic topology; see, for instance, Gross and Tucker [9] .
To generate all (not necessarily regular) graph coverings, Gross and Tucker [8] introduced the more general concept of permutation voltage assignment. With this aim, let G to be a subgroup of the symmetric group Sym(n), that is, a permutation group on the set [n] = {1, 2, . . . , n}. Then, a permutation voltage assignment on Γ is a mapping α : X → G with the same symmetric property as before. So, the lift Γ α , with vertex set V α = V × [n] and arc set X α = X × [n], has an arc (a, i) ∈ X α from the vertex (u, i) to the vertex (v, j) if and only if a = (u, v) ∈ X and j = iα(a). Notice that we write the argument of a permutation to the left of the symbol of the permutation, with the composition being read from the left to the right.
The permutation voltage assignments and the corresponding lifts can, equivalently, be described in the language of the so-called relative voltage assignments defined as follows. Let Γ be the graph considered above, K a group and H a subgroup of K of index n; and let K/H denote the set of right cosets of H in K. Furthermore, let β : X → K be a mapping satisfying β(a − ) = (β(a)) −1 for every arc a ∈ X; in this context, one calls β a voltage assignment in K relative to H, or simply a relative voltage assignment. The relative lift Γ β has vertex set V β = V × K/H and arc set X β = X × K/H. The incidence in the lift is given as expected: If a is an arc from a vertex u to a vertex v in Γ, then for every right coset J ∈ K/H there is an arc (a, J) from the vertex (u, J) to the vertex (v, Jβ(a)) in Γ β . We slightly abuse the notation and denote by the same symbol π the covering Γ β → Γ given by suppressing the second coordinate.
Under additional and very natural assumptions, there is a 1-to-1 correspondence between connected lifts generated by permutation and relative voltage assignments on a connected base graph Γ. To present more details, fix a vertex u in the base graph and let W u be the collection of all closed walks in the base graph that begin and end at u. If γ is either a permutation or a relative voltage assignment on Γ in some G ≤ Sym(n) or in some group K relative to a subgroup H, respectively, and if W = a 1 a 2 . . . , a k is a sequence of arcs forming a walk in W u , we let γ(W ) = γ(a 1 )γ(a 2 ) . . . γ(a k ) denote the product of the voltages taken as the walk is traversed. Then, the set {γ(W ); W ∈ W u } forms a subgroup of G or K, known as the local group, and it will be denoted by G u and K u , respectively. It is well known that there is no loss of generality in the study of voltage assignments and lifts under the assumption that G u = G and K u H = K, meaning that there are no 'superfluous' voltages in the assignments.
We are now ready to explain the correspondence between the two kinds of lifts. First, let α be a permutation voltage assignment as in the previous paragraph, taking place in a permutation group G ≤ Sym(n). Assume that G = G u as above and, moreover, that G is transitive on [n]; the two conditions together are equivalent to the connectivity of the lift. Then, the corresponding relative voltage group is K = G, with the subgroup H being the stabilizer in K of an arbitrarily chosen point in the set [n] . The corresponding relative assignment β is simply identical to α, but acting by right multiplication on the set K/H. Observe that, in this construction, the core of H in K, that is, the intersection of all K-conjugates of H, is trivial. Conversely, let β be a voltage assignment in a group K relative to a subgroup H of index n and with a trivial core in K. Assume again that K u H = K. Now, this alone guarantees the connectivity of the lift. Then, one may identify the set K/H with [n] in an arbitrary way, and α(a) for a ∈ X is the permutation of [n] induced (in this identification) by right multiplication on the set of (right) cosets K/H by β(a) ∈ K.
We note that there are fine points in this correspondence to be considered on the 'permutation' side if G u is intransitive or a proper subgroup of G, and on the 'relative' side if H is not core-free or if K u H is proper in K; these details are, however, irrelevant for our purposes. We also point out that a covering described in terms of a permutation voltage assignment as above is regular (that is, generated by an ordinary voltage assignment) if and only if the corresponding voltage group is a regular permutation group on the set [n]. Of course, this translates to the language of relative voltage assignments by the normality of H in K. In such a case, the covering admits a description in terms of ordinary voltage assignment in the factor group K/H and with voltage Hβ(a) assigned to an arc a ∈ X with original relative voltage β(a).
The spectrum of the universal adjacency matrix of a relative lift
Let Γ be a connected graph on k vertices (with loops and multiple edges allowed), and let β be a relative voltage assignment on the arc set X of Γ in a group G with identity element e, and subgroup H of index n. Now we show that the spectrum of (the universal adjacency matrix of) relative lift Γ β may be computed by using the same result by the authors in [3] . The only basic difference is the so-called base matrix, which in our general case, must be defined as follows. • B(J) uv = π 0 + π 1 + · · · + π n−1 , where π(= π 1 ) = (12 . . . n) ∈ Sym(n), for any u, v ∈ V .
Recall that e(= π 0 ) stands for the identity element of G, and the sum must be seen as an element of the complex group algebra C(G).
Let ρ ∈ Irep(G) be a unitary irreducible representation of G of dimension d ρ . For our graph Γ on k vertices, the assignment α in G relative to H, and the universal base matrix U , let ρ(U ) be the d ρ k × d ρ k matrix obtained from U by replacing every non-zero entry (U ) u,v ∈ C(G) as above by the d ρ × d ρ matrix ρ(U u,v ), where each element g of the group is replaced by ρ(g), and the zero entries of B are changed to all-zero d ρ × d ρ matrices. We refer to ρ(U ) as the ρ-image of the universal base matrix U .
In the following theorem, whose particular case of the adjacency spectrum was given by the authors in [3] , we use the rank of the matrix ρ(H) = h∈H ρ(h). Also, for every ρ ∈ Irep(G), we consider the ρ-image of the universal base matrix U , and we let Sp(ρ(U )) denote the spectrum of ρ(U ), that is, the multiset of all the d ρ k eigenvalues of the matrix ρ(U ). Finally, the notation rank(ρ(H)) · Sp(ρ(B)) denotes the multiset of rank(ρ(H)) · d ρ k values obtained by taking each of the d ρ k entries of the spectrum Sp(ρ(B)) exactly rank(ρ(H)) times. In particular, if rank(ρ(H)) = 0, the set rank(ρ(H)) · Sp(ρ(B)) = ∅. (u,1) Figure 1 : A graph Γ and its relative lift Γ α in the group Sym(3).
3. Prove that every eigenvector of ρ(B(U )) can be "lifted" to at most d ρ eigenvectors of the corresponding universal adjacency matrix U α of the lift Γ α . Thus proving that the spectrum of ρ(B(U )) is contained in the whole spectrum of U α .
4. Prove that, for each ρ ∈ Irep(G), there are exactly rank(ρ(H)) · d ρ independent eigenvectors of U α obtained at step 3, and that they also are independent of the other eigenvectors obtained from any other irreducible representation ρ ∈ Irep(G).
5.
Prove that the total number of obtained independent eigenvalues of U α , that is ρ∈Irep(G) rank(ρ(H)) · d ρ , equals n, the number of vertices of Γ α , see [3, Prop. 3.3 ] .
Notice that the proof is constructive, in the sense that we determine bases for all the eigenspaces of the relative lift Γ α .
In particular, when H is the trivial subgroup, we get an ordinary voltage assignment on G, and (1) becomes
since rank(ρ(H)) = rank(e) = dim(ρ).
An example
Following the method of Theorem 3.2, we now work out some different spectra of the relative lift shown in Figure 1 . 
whence we obtain
To determine the 'multiplication factors' appearing in front of the spectra in the statement of Theorem 3.2, we evaluate ι(H) = ι(e) + ι(g) = 1 + 1 = 2, of rank 1, π(H) = π(e) + π(g) = 1 − 1 = 0, of rank 0, and
of rank 1. Then, by Theorem 3.2, the spectra of the universal adjacency matrices U α of the relative lift Γ α is obtained by the union of the sets Sp(ι(U )) and Sp(σ(U )). Let us see some different cases.
Adjacency spectrum
In this case, we only need to consider the images of B = B(A) under the representations ι and σ, which are:
with spectra Sp(ι(B)) = {1 ± √ 2} and Sp(σ
where the superscripts indicate the eigenvalue multiplicities.
Laplacian spectrum
Since the Laplacian matrix can be written as L = D − A, we consider the base matrix
under the representations ι and σ, which are:
with spectra Sp(ι(B(L))) = {0, 2} and Sp(σ(B(L))) = {[ 1 2 (5 ± √ 13)] 2 }. Thus, 
Signless Laplacian spectrum
with spectra Sp(ι(B(Q))) = {3 ± √ 5} and Sp(σ(B(Q))) = {[ 1 2 (3 ± √ 5)] 2 }. Thus,
Seidel spectrum
The 
with spectra Sp(ι(B(S))) = {± √ 5} and Sp(σ(B(S))) = {[± √ 5] 2 }. Thus,
Using ordinary voltage assignments
Note that, in our example, the group G generated by the permutation s = (123) is a regular permutation on {1, 2, 3}, isomorphic to the cyclic group Z 3 . Then, the covering Γ β → Γ is regular, and we can also construct the lift Γ α from an ordinary voltage assignment on Z 3 . As it is well-known, the irreducible representations ρ i , for i = 0, . . . , n − 1 of the cyclic group Z n are φ i : 1, ω i , ω 2i , . . . , ω (n−1)i , for i = 0, . . . , n − 1, where ω is a primitive n-th root of unity. Thus, all these representations have dimension one. In our case, with e = s 0 , s, and s 2 = s −1 being the elements of Z 3 , such representations are shown in Table 1 . Then, by using the same base matrices M ∈ {B, B(L), B(Q), B(S)} as before (with t = s 2 ), we get the following matrices ρ i (M ), for i = 0, 1, 2, together with their spectra:
• Adjacency spectrum. • Laplacian spectrum.
ρ 0 (L(B)) = 1 −1 −1 1 , Sp(ρ 0 (L(B) )) = {0, 2}; ρ 1 (L(B)) = ρ 2 (L(B)) = 1 −1 −1 4 , Sp(ρ 1 (L(B) )) = Sp(ρ 2 (L(B) )) = { 1 2 (5 ± √ 13)}.
• Signess Laplacian spectrum.
ρ 0 (Q(B)) = 1 1 1 5 , Sp(ρ 0 (Q(B))) = {3 ± √ 5}; ρ 1 (Q(B)) = ρ 2 (Q(B)) = 1 1 1 2 , Sp(ρ 1 (Q(B))) = Sp(ρ 2 (Q(B))) = { 1 2 (3 ± √ 5)}.
• Seidel spectrum.
ρ 0 (S(B)) = 2 1 1 −2 , Sp(ρ 0 (S(B))) = {± √ 5}; ρ 1 (S(B)) = ρ 2 (S(B)) = −1 −2 −2 1 , Sp(ρ 1 (S(B) )) = Sp(ρ 2 (S(B))) = {± √ 5}.
From these spectra, and applying (2), we obtain again the different spectra of our example.
As a last comment, note that, in this context of ordinary voltage assignments on a group G of order n, of a base graph Γ, the base matrix of J has entries (J) uv = g∈G g. Then, from representation theory, the matrices ρ 0 (J) and ρ i (J) for i = 0 turn out to be nJ and O (the 0-matrix with appropriate dimension), respectively. Thus, for i = 0, ρ i (L(B)) = −2ρ i (A) − ρ i (I) = −2ρ i (A) − I, and we can state the following lemma (see the above results for an example).
Lemma 4.1. Let Γ be a base graph with ordinary voltage assignment α on a group G of order n. Let B be the base matrix of Γ. Then, apart from the eigenvalues of nJ − 2B − I, the other Seidel eigenvalues of the lift Γ α are of the form −2λ − 1, where λ is an adjacency eigenvalue of Γ α (that is, λ ∈ Sp(ρ i (B)) for i = 0).
